The aim of the paper is to show that the nowadays experimental data from superallowed nuclear and neutron β decays, and from leptonic and semileptonic decays allow the finding of the most probable numerical form of the KM matrix, as well as the determination of decay constants, f P , and of various form factors f + (q 2 ), by using a genuine implementation of unitarity constraints. In particular this approach allows the determination of semileptonic form factors that is illustrated on the existing data of D → πlν and D → Klν decays.
Introduction
Within the Standard Model (SM) the flavour physics is encoded by the Kobayashi-Maskawa (KM) matrix, [1] , supposed to be unitary, matrix that describes the quark flavor mixing through four independent parameters: three mixing angles, θ ij , ij = 12, 13, 23, and one CP -violating phase, δ. By consequence the experimental determination of KM matrix entries is essential for the validation of the SM, and for detection of new physics beyond it.
However the determination of KM entries rises a few problems. The first one come from theory, namely the mixing angles are not invariant quantities, their numerical values depend on the original KM form, [1] , or on the present day form, [2] , which is not rephasing invariant, [3] . This shortcoming becomes harmless if one follows Jarlskog's approach. Starting with her first papers on KM matrix, [4] , she proposed the determination of the quark mixing matrix in terms of directly measurable quantities, and, in the same time, invariant quantities. In this context an invariant quantity is one whose numerical value does not depend on the KM matrix form, or of its rephaising invariance. Jarlskog provided two such invariants: the KM moduli, and the celebrated J invariant, [5] . After few years it was realized that all the measurable quantities of the quark mixing matrix are expressible in terms of four independent KM matrix moduli, [6] and [7] . In these papers it was also shown that areas of all unitarity triangles are equivalent, and numerically equal to half of the J invariant. As a conclusion we can state that the numerical values for all the measured invariant quantities should be the same irrespective of the physical processes where they are involved.
The second difficulty comes from the experimental side. If one uses the KM moduli set as independent parameters, these ones are not directly measured by experimenters. In the simplest case, that of leptonic decays, they measure branching ratios and provide numbers for products of the form |U′ |f P , where U′ is the corresponding KM matrix element, and f P is the decay constant. For meson semileptonic decays the physical observable is the differential decay rate, dΓ/dq 2 , which up to known factors, is proportional to |U′ f + (q 2 )| 2 , where q denotes the transferred momentum between initial and final mesons. In the last case the experimental teams usually provide numerical values for products of the form |U′ f + (0)|, where f + (0) is the semileptonic decay form factor at zero-momentum transfer. It is clear that from such measurements one cannot find two unknown parameters, say |U′ | and f P . This can be done if and only if one can find independent constraints on KM matrix moduli; fortunately these ones are provided by unitarity.
The main aim of the paper is to show how the unitarity property of the KM matrix can be transformed into a powerful tool for the determination of both matrix moduli and form factors directly from the experimental data.
The unitarity constraints are presented in Sec. II where they are implemented in a χ 2 −form that depends only on KM matrix moduli. In Sec.
III we present the decay formulae for superallowed 0 + → 0 + nuclear and neutron β decays, and those for leptonic and semileptonic decays. They depend on KM matrix moduli and specific decay parameters such as decay constants, f P , and form factors f (q 2 ), etc, that are implemented in an other χ 2 -piece. In Sec. IV we cite the experimental papers from which we took the data that we used in our fit, and in Sec. V we present the numerical results. The paper ends by Conclusion.
Unitarity constraints
The use of |U ij | as independent parameters raises an important problem, namely the solving of the consistency problem between moduli and unitarity property, which all amounts to obtaining the necessary and sufficient conditions on the set of numbers |U ij | to represent the moduli of an exact unitary matrix. After that we have to find a device for applying these conditions to the experimental situation where the data are known modulo uncertainties.
Both these problems have been solved, and a procedure for recovering KM matrix elements from error affected data was provided in [8] . These unitarity constraints say that the four independent parameters s ij = sin θ ij and cos δ should take physical values, i.e. s ij ∈ (0, 1) and cos δ ∈ (−1, 1), when they are computed via equation set: The above relations have been obtained by using the standard KM matrix form, [2] , where V ij = |U ij |, and U ij are the KM matrix entries. In the paper [8] it was also shown that if the independent parameters are the KM matrix moduli the reconstruction of a unitary matrix knowing its moduli is essentially unique. By consequence in the following the used independent parameters in our phenomenological analysis will be the V ij moduli. Although only four of them can be independent, the experimental data that are known only modulo uncertainties "force" us to use all the possible sets of four independent moduli, as it will be shown in the following. A simple combinatorial evaluation shows that there are 57 such sets.
The relations (1) are rephaising invariant, i.e. they have the same form after multiplication of all the KM matrix rows and columns by arbitrary phases. More important is that they contain a part of the unitarity con-straints. It is easily seen that all the six relations such as
are a consequence of the relations (1). The relations (2) are the necessary conditions for unitarity fulfilment, but they are not sufficient, as we show in the following. In fact the relations (2) tell us that if they are satisfied then there exists a physical solution for the mixing angles s ij . The relations (2) are not sufficient because the unitary matrices are naturally embedded in a larger class of matrices: the set of double stochastic matrices, [9] .
A 3 × 3 matrix m is said to be double stochastic if its entries satisfy the relations
This set is a convex set, i.e. if M 1 and M 2 are double stochastic, then
is double stochastic. The unitary matrices are a subset of this larger set if we define the m ij entries by the relation m ij = |U ij | 2 , i.e. one get relations similar to relation (2).
For example if we choose four independent moduli, e.a: V us = a, V ub = b, V cb = c, and V cd = d, then the following matrix
is a double stochastic matrix since it exactly satisfies all the six relations similar to relation (2), as it is easily checked.
From any four independent moduli entering (1) one can get the mixing parameters s ij and cos δ, i.e. the four independent parameters entering the KM unitary matrix. For example with the above choice we find from the first six equations (1) all the three mixing parameters, s ij , and δ as follows
and from the remaining relations three new cos δ formulae similar to (6).
The above relation shows that cos δ is an other invariant in the Jarlskog sense depending on four independent moduli, and the CP-violation phase can be measured via relations such as (6).
If we make use of the last four relations (1) we get only one solution for mixing parameters and cos δ. Thus depending on the chosen four independent moduli set the number of solutions varies between one and four.
Because there are 57 such groups one get 165 different expressions for cos δ.
They take the same numerical value when are computed via Eqs. (1) √ 10982 2500
By using the formula from the second row of (6) one gets cos δ ≈ 0.64088, showing that the above moduli matrix, (7), comes from an exact unitary matrix.
If we modify the previous numerical V us value by adding to it the small quantity 3 × 10 −4 the mixing parameters are still physical, only s 12 is modified by a very small quantity, and respectively three square root entries from the first two columns of (7), necessary for the exact fulfilment of all the six relations similar to (2) . In this case one gets cos δ ≈ −1.42427, which shows 
Thus the physical conditions for unitarity compatibility are cos δ ∈ (−1, 1), and J 2 > 0, respectively, and from a theoretical point of view they are equivalent.
There are even bad cases; for example if instead of a and b we choose the parameters V ud = f, and V ts = g the corresponding double stochastic matrix has the form
With the same numerical values for V cd , and V cb , and V ud = f = 97419 10 5 , and V ts = g = 405 10 4 we find
and all the other DS 2 entries are positive. Thus V ub takes an imaginary value, and cos δ and J take complex values.
Similar results can be easily obtained; another example is that generated by the moduli,
double stochastic matrix has the form For numerical computations the use of cos δ formulae, like (6), seems to be more efficient because of their great sensitivity to small moduli variation, as the above numerical computations show.
The real physical cases are those where the central value moduli matrices, directly determined from data, or from a fit do not exactly satisfy all the six relations (2), but only approximately; for example for a good fit the difference from unity could be of the order, 10 −5 − 10 −7 , i.e. rather small from a phenomenological point of view. In these cases the different formulae for cos δ provide different values, physical and unphysical, even if the mixing parameters take physical values as in the previous examples. Thus the physical reality obliges us to implement the unitarity constraints
into a χ 2 −fitting device, and our choice is
that enforces all the unitarity constraints.
Decay Formalism
In this section we show how the used decay formalism for the description of available experimental data allows us to define a second piece of the For example the V ud parameter enters the description of superallowed 0 + → 0 + nuclear β decay, and neutron β decay. Superallowed 0 + → 0 + β decay between T = 1 analog states depends uniquely on the vector part of the weak interaction and, according to the conserved vector current hypothesis, its experimental f t value is related to the vector coupling constant, which is a fundamental constant and by consequence has the same value for all such transitions, see [10] , [11] , [12] and [13] . This means that the following relation should hold
where K/(hc) 6 = 2π 3h ln2/(m e c 2 ) 5 , G V is the vector coupling constant for semi-leptonic weak interactions, and M F is the Fermi matrix element which in this case is equal to √ 2. The f t value that characterizes any β transition depends on the total transition energy Q EC , the half-life, t 1/2 , of the parent state, and the branching ratio for the particular studied transition, [11] .
However the above relation is only approximately satisfied by a restricted data set, and for this set one defines a "corrected" value Ft ≡ f t(1+ δ
, where δ ′ R and δ N S comprise the transition-dependent part of the radiative correction, while δ C depends on details of the nuclear structure. In the above formula one takes
, with g V = 1, and (12) is written in the new form
where ∆ V R is the transition-independent part of the radiative corrections whose last estimation given in [11] is
Similarly for neutron β decay we make use of the formula
see [14] , where τ n is the neutron mean life and λ = g A /g V . In our approach V ud , ∆ V R , and λ are free parameters to be found from fit.
In SM the purely leptonic decay of a P meson, P → lν l , proceeds via annihilation of the quark pair to a charged lepton and neutrino through exchange of a virtual W boson, and the branching fraction, up to radiative corrections, has the form
where G F is the Fermi constant, M P and m l are the P meson and l lepton masses, respectively, f P is the decay constant, V′ is the modulus of the corresponding KM matrix element, and τ P is P lifetime.
The next simple decays involving V ij moduli are the semileptonic decays of heavy pseudoscalar mesons, H, into lighter ones, P , whose physical observable is the differential decay rate, written as
where q = p H − p P is the transferred momentum, and f + (q 2 ) is the global form factor which is a combination of the two form factors generated by the vector part of the weak current. When the leptons are electrons, or muons whose masses are low compared to the mass difference, m H − m P , λ(q 2 ) is the usual triangle function
For the decayB → Dlν the experimenters make use of an other variable,
. When the τ lepton is involved the above formulae are a little bit more complicated, see [15] .
Usually, till now, the experimenters provided numerical values for products of the form V′ f + (0), and a few for V′ |f + (q 2 )|.
The second χ 2 −component which takes into account the experimental data has the form
where d i are the physical parameters one wants to be found from fit, d i are the numerical values that describe the corresponding experimental data, while σ i is the uncertainty associated to d i . For semileptonic decays d i could be of the form d i = |f + (q 2 i )|V kl . In the following our fitting χ 2 -function will be
As it is easily seen the V ij moduli enter naturally in all the formulae that describe the leptonic and semileptonic decays being, in our opinion, a strong argument for their use as fit parameters.
Experimental Data
In our analysis we used the data on superallowed 0 + → 0 + nuclear β decays published in the papers [10] - [13] , and data on the neutron lifetime from four papers: [16] , [17] , [18] , [19] , for V ud determination. We also used four values for the β-asymmetry parameter A 0 , from papers [20] , [21] , [22] , [23] , and one for the electron-antineutrino correlation coefficient a 0 , [24] , for the λ determination.
V us modulus is involved in the kaon and pion leptonic and semileptonic decays, but also in the ratio V us /V ud , that appears in the Marciano relation, [25] , that we write as
where C r is a radiative correction stemming from both π and K hadronic structures. In fact relations of the form (21) can be written for all the leptonic and semileptonic decays, which leads to a cancellation of the experimental errors appearing on the right side.
The last numerical values for the product f πK + (0)V us are given by KLOE collaboration, [26] , and by FlaviaNet Working Group, [27] , and in fit we made use of all the (little) different f + (0)V us values corresponding to the five channels. We also used results from [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] , [36] , [37] , [38] , [39] that give only a "mean value" for the above product.
V ub is the most poorly determined modulus although there is much experimental information coming from decays B → πlν, see [41] , [42] , [43] , [44] , [46] , [47] , [48] . In these papers the experimenters have been confronted with the known difficulty, getting two distinct parameters, V ub and |f Bπ + (q 2 )|, from their product measured from experimental data. Thus they used the form factor lattice computations to obtain V ub values depending on q 2 , see [41] , [42] , and [48] . For fit we found three measurements for f B V ub , [43] , [45] , [46] , and three fenomenological determinations involving f Bπ + (0)V ub , [47] , [48] , [49] .
V cd and V cs moduli enter the leptonic decays D → lν, [50] , [51] , [52] , and [53] , [54] , [55] , [56] , [57] , respectively, as well as the semileptonic decays D → πlν, and D → Klν, [59] , [60] , [61] . In the last three papers one find V cq f + (0) values, for q = d, and q = s, and for the first time numerical values for the product
[61], that allow the form factor extraction directly from data. The above semileptonic decays also allow the measurement of the ratio V cd f Dπ
see [60] , [61] , [62] , [63] , [64] , [65] , and give an independent determination of the ratio f DK + (0)/f Dπ + (0), which in fit was considered a new independent parameter.
Finally from the semileptonic decaysB → Dlν andB → D * lν, [66] , [67] , [68] , [69] , [70] , [71] , [72] , [73] , [74] , [75] , [76] , [77] , one find the V cb , G(1) and F(1) parameters.
Numerical results
Data from the above cited papers were used to define χ 2 2 , the second component of full χ 2 , which has a parabolic form in V 2 ij . The first component The stability tests provided sets of different moduli matrices that have been used to obtain a mean value matrix and its corresponding error matrix.
The mean and uncertainty matrices have been computed by embedding the unitary matrices into the double stochastic matrix set, see papers [8] and [81] .
The central values and uncertainties of data used in fit are those published in the above cited papers, and we combined the statistical and systematic uncertainties in quadrature when the experimenters provided both of them. The numerical values obtained from fit for the decay constants, f Kπ + (0) from Table 1 has a precision of 1%, and the above value obtained from ten measurements has a precision of 0.56%. In this approach one could obtain information about lepton universality 
which are consistent with lepton universality. The above two numbers together with that from Table 1 [58] , and to the branching ratio
given by Eq.(6) in paper [57] , respectively. The new result obtained in [79] does not improve the situation.
On the other hand if one computes the difference between each one of the above three values and that provided by lattice computation, divided by the corresponding experimental error σ obtained from the fit one finds the same value, 1.17, which shows again the consistency of experimental data. In our opinion the lattice number is much underestimated. In contradistinction their value for f K /f π = 1.189 (7) is not far from the fit value f K /f π =
1.1818(42).
Another unexpected result concerns the ∆ V R constancy, usually assumed in all the four papers [10] - [13] , assumption that is not confirmed by our analysis. However our result ∆ V R = 2.373 ± 0.096 obtained from data [10] is in good concordance with the value given by relation (14), see Table 2 , but our uncertainty is 2.5σ higher than the theoretical one. In this case the ∆ V R spreading that results from paper [10] is, 2.2027 ≤ ∆ V R ≤ 2.472, which corresponds to 7.1σ where σ = 0.038% is the theoretical uncertainty. The extremal nuclei are 22 Mg and 54 Co, respectively. The spreading obtained from Savard et al data, [13] , corresponds to 10.8σ, and the extremal nuclei are 74 Rb and 34 Cl. However the difference between the central results from [10] and [13] is 2σ, which suggests that there is still room for numerical improvements. The mean values and the corresponding uncertainties for all data from papers [10] - [13] are given in Table 2 . The precision of f P and f + (0) determinations in Table 1 
For example the above three matrices show that V ud is precisely determined with four digits, while V us , V cd , and V cs only with three digits. V + matrix also shows the high V ub volatility, such that future data could lead to higher values for it than that given by V c matrix. In fact matrices V + and V c show that f B ∈ (123.5, 222.8).
Although our value for V ub = (4.25±0.02)×10 −3 is higher than that from PDG fit, [2] , there are experimental determinations which are compatible with it, one example being Ref. [48] , whose value is V ub = (4.1 ± 0.2 st ± 0.2 syst +0.6 −04.F F ) × 10 −3 . The new data from D leptonic, [50] - [52] , and semileptonic decays, [59] - [61] , combined with the new data fromB → Dlν andB → D * lν [66] - [70] , changed the KM moduli values, in particular those from the last row and column, see [2] , p. 150.
Our approach allows the form factor determination. The paper [61] provided for the first time results on V cq |f + (q 2 )|, q = d, s, and in Table 3 are given our determinations.
A big step forward will be the measurement of q 2 dependence for products of the form |f + (q 2 )U qb |, where q = u, c, for B → πlν,B → Dlν and B → D * lν decays, similar to that done for D semileptonic decays. 
The simplest case is that of |f + (q 2 )U ub | because there are measured data which in principle could be transformed in values for the product |f + (q 2 )U ub |.
Such measurements will allow a more precise determination of the moduli V ub and V cb , and, by consequence, they will provide better values for all KM matrix moduli from the the first two rows, and, perhaps, the first hints for new physics beyond SM, if any.
The 
The above results show that δ and γ angles are independent of V ub variation, while α and β are moderately dependent. Thus experimental results on the product |f + (q 2 )U ub | could lead to a better determination of all the angles of the standard unitarity triangle.
The small angles uncertainties show that V c and V + matrices are highly compatible with unitarity constraints and all the 165 cos δ formulae provide very close each other values for all of them.
A comparison with lattice computations from [80] shows that f Dπ + (0) and f DK + (0), as well as their ratio are in good agreement with the exprimental values obtained by us, and our uncertainties are smaller.
Conclusion
In this paper we presented a phenomenological tool that allows determination of the KM moduli, semileptonic form factors and decay constants directly from experimental data. It is based on a new implementation of unitarity constraints that makes use of KM matrix moduli as fit parameters. These constraints are strong enough and give a consistent picture of nowadays flavour physics, and until now provide no signals for physics beyond the SM.
A feature of our tool is that all the measurable parameters are each other strongly correlated, a little modification of one of them propagates to all the other parameters, property which is a consequence of unitarity constraints.
The new data from the D leptonic and semileptonic decays, and those fromB → D(D * )lν led to a significant change of KM moduli and of standard unitarity triangle shape. A crucial step forward would be the measurement of B → πlν form factors in bins of 0.5 GeV 2 , similar to that done in [61] for D → πlν and D → Klν, that will allow a better V ub determination, and a stabilization of moduli values entering the first two rows.
As a final conclusion one can say that in contradistinction to experiments from other physics branches, those from semileptonic flavour physics have to be considered as a single experiment because only using all of them, they could provide numbers for all the physical quantities: form factors, decay constants, V ij moduli, etc.
